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1 Introduction 



The low energy effective theory hving on finitely many coincident M2 branes 
probing the orbifold singularity K^/Z^ was found in [T^. It is a Chern-Simons 
theory with gauge group U{N) x U{N) coupled to matter fields with manifest 
J\f = 6 supersymmetry and SU{A) x U{1) R symmetry. For a given gauge group, 
the only free parameter is the integer valued Chern-Simons level k. For levels 
k = 1,2 the theory has enhanced OS'p(8|4) maximal superconformal symmetry 

[13 m [Tain [20]. 

Subsequently a larger class of A/" = 6 superconformal theories were found for 
various gauge groups [13] • We will refer to any M ~ 6 supersymmetric Chern- 
Simons-matter theory as ABJM theory. It is unclear to me whether all these 
theories correspond to M2 branes probing an M^/Zfe singularity. In any case, 
for A: = 1,2 all these ABJM theories get enhanced 05^(814) superconformal 
symmetry. 

ABJM theories can also be formulated using a particular class of three- 
algebras [15] called hermitian three-algebras. Another type of three-algebra has 
been found for the J\f = 5 supersymmetric theories IT6| . 

The smallest non-trivial ABJM gauge group is 5*0 (4). For this choice of 
gauge group, the ABJM lagrangian can be recast in a form that is manifestly 
05*^(814) invariant, which is then the BLG lagrangian [l3] up to a triality of 
SO{8) R-symmetry indices. 

There are mass deformations of BLG and ABJM theories [26l [211 [13] (older 
works on mass deformed M2 brane theory are from gravity point of view |27| 
and from matrix theory point of view PU) that preserve all the manifest super- 
symmetries. For ABJM theories this means J\f = 6 supersymmetry. However 
the 5*0(6) R symmetry is broken by the mass deformation to S'0(4) x SO{2). 
For BLG theory the mass deformation preserves Af — 8 supersymmetry and 
breaks the SO{8) R symmetry down to 5*0(4) x 50(4). It is plausible that also 
the above mentioned mass deformed ABJM theories will get enhanced Af — 8 
supersymmetry for levels k — 1,2, along with an enhanced 5*0 (4) x 50(4) R 
symmetry. 

For levels A; = 1, 2 then, we can in mass deformed ABJM and BLG theories, 
find a vacuum solution which preserves Af = 8 supersymmetry. Thus 

1,2 fLzy 

The fuzzy three-sphere is described by four matrices G* of a certain size N x N 
[5]. This construction generalizes the fuzzy two-sphere construction in yy. In 
the large N limit we can map these matrices to the embedding functions T* of a 
classical three-sphere. These obey the three-algebra and three-sphere constraint 

T'T = (2) 

respectively, for a three-sphere of radius R. The curly three-bracket is the 
Nambu bracket as defined in Eq ([H]) . (Our general definition is in Eq (|5ip ). 
Since 

j^ii = {T\T^,-} (3) 
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are nothing but the six KiUing vectors on the three-sphere generating the rota- 
tion group 50(4), we have a reahzation of the 5*0(4) three-algebra which is the 
smallest non-trivial three-algebra, and in fact the only possible three-algebra of 
finite dimension (if we assume a few requirements which are all very natural 
from physics point of view). However there is an infinite dimensional extension 
of the 50(4) three-algebra, which is generated by any function on which has 
a Taylor series expansion 

oo 

/(r'0 = E/^--^^''-^''- (4) 

fc=i 

Due to the three-sphere constraint on T'T' we only need to consider traceless 
symmetric tensors fi^...ik- We could now consider new three-algebra generators 

rpii...ik _ 2^*1 . . . Y^^fc 

and we find that all these generate an infinite dimensional three-algebra. 

In line with these considerations it is natural to also expect that ABJM 
theory with gauge group U{N) x U{N), in the large N limit can be mapped 
into BLG theory which is realized by a Nambu three-bracket on S^/Zk which 
should be viewed as an /l^k bundle over S"^, so that in particular the large k 
limit is [3]. As an aside, since BLG theory is maximally supersymmetric for 
any fc, this means that we should find supersymmetry enhancement in ABJM 
theory in the large N limit for any level k. 

In this paper we will only study BLG theory with a Nambu bracket on S^. 
As argued in the paragraph above, this seems to correspond to taking k = 1 
and = oo in ABJM theory. 



Fluctuation analysis 

In the spirit of [21 |3j , we will obtain the induced theory of small fluctuations 
about the maximally supersymmetric three-sphere vacuum solution of BLG the- 
ory. If we temporarily let X collectively denote all the fields in BLG theory, then 
we expand the mass deformed BLG lagrangian in small fluctuations around the 
vacuum. We thus write X = T + 5X where T is the vacuum configuration, and 
expand the lagrangian as 

CiX) ^ C(T)+SX§ + liSXr^ + ... (6) 

All derivatives are evaluated at T. If T is a static supersymmetric vacuum, 
then the lagrangian is minus the hamiltonian and this is minimized at the su- 
persymmetric vacuum. Hence the first order derivatives all vanish and we are 
left with 

£(A) = CiT) + l{5Xf^^ + .... (7) 

In a static supersymmetric vacuum we have C{T) = and we need not write 
out the zeroth order term C(T). However, C{T){= 0) is invariant only under the 
unbroken supersymmetries. If we do not write out the term C{T) (since it is zero 
anyway), then it looks like the supersymmetry variation of the full action can 
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be found be just computing the supersymmetry variation of the second order 
term. This is wrong. Zero need not be invariant under a variation. We may 
consider a vacuum in which ^ — 0. This does not mean that the supersymmetry 
variation of ip must also be = 0. In fact the condition for d'tp — defines in 
this case the unbroken supersymmetries. Since the higher order terms must 
cancel the supersymmetry variation of the zeroth order term (because the sum 
is equal to £-{X) which is the maximally supersymmetric lagrangian), we see that 
the higher order terms can not be invariant under the broken supersymmetries 
either. On the other hand, the higher order terms must be invariant under the 
unbroken supersymmetries since the total lagrangian is invariant, as well as the 
zeroth order term [lOj . 

Previous work on relating BLG theory with a Nambu three-bracket to M5 
brane can be found in OHIHIHn]. In [TT] the CarroUian limit of BLG theory 
(where the speed of light goes to zero) with a Nambu bracket was derived from 
a single M5 in an infinite tension limit. 

Since many calculations in our paper are the same as those in [6] , we should 
contrast those calculations with ours. In [6] the BLG theory is expanded about 
some background T in which three scalar fields acquire a non vanishing vev. 
This background does not provide any scale parameter which can be used to 
perform a systematic fluctuation analysis. Instead the coupling constant 1/fc in 
BLG theory must be used as expansion parameter. This means that the strong 
couling regime of BLG theory can not be treated. The connection between 
the background T and the internal three-manifold on which the Nambu three- 
bracket is to be defined, is left unspecified. Naively the background T in these 
papers appears to be non-supersymmetric. However BLG theory also has a shift 
symmetry of the fermion. By breaking this shift symmetry one can render the 
background invariant under modified BLG supersymmetry variations where one 
has added a constant shift to the variation of the fermion [TU] . One may then 
restore the shift symmetry of the fermion (albeit the fermion now is located at 
a shifted value) in BLG theory and find that this shift symmetry transmutes 
into a gauge symmetry (a constant shift proportional to the volume form on 
the three-manifold) that acts on the background three-form gauge potential 
C, from the M5 brane brane point of view. For this approach to work one 
must also specify some condition on the supersymmetry parameter living on the 
three-manifold. Perhaps this approach can be consistent on a flat three-torus 
appropriately embedded in transverse space, on which we may have a constant 
spinor. The connection between the shift symmetry of the BLG fermion and 
the gauge variation of the constant background C-field could be interesting and 
worth further study. We note that the M2 brane also couples electrically to C 
but this field does not seem to alter the BLG theory as long as C is constant, 
however its field strength dC has the effect of mass deforming BLG theory [26) . 

In this paper we instead follow the approach of [21 [S] . We expand about 
a maximally supersymmetric three-sphere vacuum solution in mass deformed 
BLG theory. This background provides us with a mass parameter that we can 
use to quantify the smallness of our fluctuation fields. Hence we can have a 
small value on k and still have a sensible fluctuation expansion by having a 
small mass parameter as expansion parameter. Since the background does not 
break any supersymmetry we find a maximally supersymmetric M5 brane theory 
on a three-sphere. 

The theory of a single M5 brane is subtle due to the selfdual three-form. 
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On a topologically non-trivial space-time one can find several different quantum 
theories of the selfdual three- form [3] . Consequently the lagrangian of the self- 
dual three-form can not be unique, but there must be one lagrangian for each 
such theory. It seems plausible that this is related to the fact that one can not 
write down a manifestly covariant lagrangian 22J. Then it could be that by 
making a large diffeormorphism (a diffeomorphism not continuously connected 
to the identity) one transforms one lagrangian into another. 

2 Infinite-dimensional mass-deformed BLG the- 
ory 

Our starting point will be BLG theory, realized by a Nambu bracket on some 
internal three-manifold M3. A priori, if we let 0" denote some local coordinates 
on M3, X' = X^{9) denote the scalar fields and = T'{9) denote their 
vacuum expectation values, there appears to be a many alternative ways to 
define such a three-manifold M3: 

1. we may define AI^ as an auxiliary three-manifold that is not at all related 
to the scalar fields nor their vacuum expectation values. In this case 
the metric on must also be auxiliary and have nothing to do with the 
scalar fields. 

2. we may define as the three- manifold that is embedded into transverse 
space as 6" ^ X\e). 

3. we may define M3 as the three- manifold that is embedded into transverse 
space as 6*" ^ T^{9). 

Alternative 1 is unphysical in the since that any three-manifold in eleven- 
dimensional space-time should be associated to some field configuration X^ . 
If we would ignore this and try to define the Nambu bracket using covariant 
derivatives (or even just using ordinary derivatives) with respect to the auxil- 
iary metric on this three-manifold, we can obtain a supersymmetric BLG theory 
using such a three-bracket only if the supersymmetry parameter can be taken to 
be covariantly constant. We explain why this is the case in the discussion around 
Eq pop below. Since the supersymmetry parameter carries an R symmetry 
spinor index in addition to its three-dimensional space-time spinor index, this 
means that A/3 must be flat in order to allow for covariantly constant spinors. 
This flatness constraint can be understood from the requirement Dae — upon 
commuting two covariant derivatives acting on the supersymmetry parameter e. 
This flatness condition is a too strong constraint on M3. Alternative 2 implies 
a dynamically defined three-bracket which varies itself under supersymmetry 
variations of X^ . This then will not give a supersymmetric BLG theory as the 
variation of the three-bracket itself will contribute with additional, unwanted, 
terms. Alternative 3 is the only alternative that can give a supersymmetric 
BLG theory without constraining M3 to be flat. 

It is alternative 3 that uniquely should correspond to the large N limit of 
ABJM theory with gauge group U{N) x U{N). The three-sphere should be 
the large N limit of the fuzzy three-sphere vacuum solution of mass deformed 
ABJM theory at level k = 1. These things are well- understood for the fuzzy 
two-sphere. The fuzzy two-sphere is defined in terms of generators of SU{2) in 
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some A'^+ 1 dimensional representation say, where N can be any positive integer. 
In the large N limit we can map these SU (2) generators into the three Killing 
vectors on S^. These Killing vectors in turn, can be expressed in terms of 
the Poisson bracket as 

K' = {T\-} (8) 

where T* describes the embedding of the two-sphere into R'^. The Poisson 
bracket is defined using the metric on the two-sphere. These obey the SU(2) 
algebra as a consequence of the Jacobi identity. 

The obvious generalization to the three-sphere is that in the large N limit, 
the fuzzy three-sphere generators are mapped into coordinates that describe 
the embedding of the three-sphere into K"*. The six Killing vectors on the three- 
sphere are 

= {T\T^,-} (9) 

The Nambu bracket is defined using the metric on the three-sphere. The Killing 
vectors then generate the SO{A) Lie algebra as a consequence of the fundamen- 
tal identity and Eq ([2|) . We note that even though the definition of the discrete 
three-bracket and matrix three-algebra generators in ABJM theory has been 
obtained explicitly [TS], it is more subtle to understand the 5*0(8) R symmetry 
in terms of this three- bracket at level k — 1. This necessarily requires proper 
understanding of monopole operators. Using these monopole operators we have 
found that the ABJM three-bracket becomes essentially totally antisymmetric 
[17j . This is a promising property if it is to be mapped into a totally anti- 
symmetric Nambu bracket in the large N limit. But due to the complication 
of having to involve monopole operators, we have not yet obtained a rigorous 
way of taking the large N limit of the ABJM theory three-bracket. Taking this 
large N limit in a rigorous will be very interesting and we believe that this will 
eventually lead to an understanding of the theory of multiple M5 branes. 

In order to allow for other supersymmetric vacua apart from the three- 
sphere of mass deformed theory, we will in the rest of this section assume a 
more generic vacuum three-manifold and denote its embedding in transverse 
space as 6*" i— > T^{9). We denote Minkowski coordinates on E-'^'^ as . We 
introduce normal coordinates x^ [A = 1, ...,5) to A/3 in M^. We consider the 
change of coordinates in 

(r,a:'^) ^ x^^x^e.x"^). (10) 

The submanifold A/a is located at constant values of x^ , that we can set to 
a;"* = so that 

T\e) ^ x\e,x^ = 0) (11) 
defines a parametrization of A/3. The induced metric on Afa is given by 

5a/3 = d^T'dpT'. (12) 

We will also need 

gAB = dAT'dsT', 
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QAa = 



(13) 



on M3. We define the Nambu bracket of three scalar functions /, g and h on 
M3 as 

= *{dfAdgAdh). (14) 

We use the convention that 

ei23 = 1 (15) 

and all indices are rised by the inverse metric g"^ . Here the star * denotes the 
Hodge dual on M3. 

It is very important to stress that the Nambii bracket is calculated with 
respect to a background metric associated to a vacuum state. Hence the su- 
persymmctry variation of the metric is zero. In that sense, BLG theory with a 
Nambu bracket, appears to make no sense \mlcss one specifies a non- vanishing 
vacuum field configuration — . It is true that the Nambu bracket always 
satisfies the fundamental identity on any auxiliary three-manifold. However this 
is not enough to insure supersymmetry. When checking closure of supersymme- 
try one needs to make a second supersymmetry variation of the fermion. This 
will involve a term 

{eT'ij,X-',X^}. (16) 

In order to secure on-shell closure one needs to be able to rewrite this as 

eT^{V,X^,X^}. (17) 

The same type of problem arises when checking supersymmetry of the BLG 
action. In both cases one has to be able to freely move out the supersymmetry 
parameter outside the Nambu bracket. On a generic three-manifold it is not 
possible to have a covariantly constant spinor. This means we can not obtain 
a supersymmetric BLG theory if we define our Nambu bracket on a generic 
three-manifold despite the Nambu bracket obeys the fundamental identity. 

We introduce a complete set of functions T°-{9) on Ad^ that will be our 
generators for the infinite-dimensional three-algebra. We expand the matter 
fields as 

X\x,e) = Xi{x)T'^{9), 

^{x,e) = Mx)T%o) (18) 

We define the gauge covariant derivative as 

D^X' = 5^X^-^^,„6{T^T^X^}. (19) 

We use eleven-dimensional spinor notation since we wish to treat M.^'^ and M3 
on the same footing, and eventually identify R^'^ x M3 as the world- volume of 
M5 brane. The supersymmetry parameter e and spinor field ip are subject to 
the chirality conditions 

Te = e, 
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t^P = (20) 

where 

f = roi2. (21) 

We have the following Af = 8 supersymmetry variations 

Sij = r^TieD^X' -^TjjKe{X',X\X''}, 
SA^^ab = leTf^TjXljj^. (22) 

closing on-shell, 

V^D^ij + ^TuiX'^X^^j} = 0, (23) 

7 - BV 
D^Xi--{i^,TijX',i,}-^ = 0, (24) 

-F^.,a& + e^-^A (^^/[ai^^^h] + ^^[arVb]) = 0. (25) 



Here 



V=^ {{X', X\ X^}, {X', X\ X^}) (26) 



and the trace form is defined as 



(F. G) = y d^e^gFG. [TJ) 



The matter part of the lagrangian density is 

+ {{p, T'^D^.p) + {{p, {r"^, X',X'}) . (28) 
The gauge field part is given by the Chern-Simons term, 

jOcs = ie^''^A^,a6a,AA,ed(T^{^^T^^''}) + ... (29) 

The cubic interaction term (denoted by the ellipses) in the Chern-Simons action 
will not be of any interest to us in this paper. 

Mass deformation 

There is a mass deformation of BLG theory [21] which does not break any of the 
supersymmetries, though it breaks conformal invariance by the introduction of 
a mass parameter m. It also breaks SO{8) R-symmetry to 50(4) x 5*0(4). The 
embedding of 50(4) x 50(4) in 50(8) is such that 8^ ^ 4^ + 4^. Accordingly 
we split the vector index / as The mass deformed BLG supersymmetry 
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variations are obtained by modifying the variation of the fcrmion by adding the 
term 

(5V = mTTieX^ (30) 

Here 

r = ^e'^''r,,M. (31) 

To maintain a maximally supersymmetric lagrangian, we add the following 
terms to the lagrangian 

-| (e.,,; {X\{X^,X^X'})+e..j^i(xHx\X\X^'})) . (32) 

In a background with ijj = 0, the non-trivial condition for unbroken supersym- 
metry is that 

= 0. (33) 

Assuming that only the four scalar fields X* are excited and X^ = 0, the condi- 
tion for unbroken supersymmetry, in a static field configuration, reads 

= (mX' + ^e,,ki{X\X\x'}^r,e (34) 

This condition does not restrict the supersymmetry parameter. We can write 
the condition for the maximally supersymmetric vacuum field configuration as 

{X\X^,X''} = me'i^^xK (35) 

We can solve this equation by taking 

X'X' = (36) 



that is we find a three-sphere of radius 



R ^ -. (37) 
m 



3 Constant spinor and the Nambu bracket 

In order to have closure of the BLG supersymmetry variations we must require 
that the supersymmetry parameter e is such that 

{e,X^X•^} = (38) 

This condition comes from taking a second supersymmetry variation on the 
fermion and demanding on-shell closure. Clearly we must extend our definition 
of the Nambu bracket to the case where the entries are not scalar entities. 
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In ABJM theory with gauge group U{N) x U{N) say, for any finite N, 
apparently the supersymmetry parameter e is just a constant, 

One = 0. (39) 

However this equation is not covariant, and is written in flat eleven-dimensional 
Minkowski coordinates x*^. We can write the condition in a covariant way as 

One = [Dm + ^^Af )e = (40) 

where VLm is the spin connection. In the infinite N limit we have a classical 
three-sphere and it is then more useful to express the constancy condition in 
terms of the polar coordinates 

x^^ = x^'\x^',e°',R,x') (41) 

for which the metric is given by 

ds^ = rjf,^dx''dx" +gc(3d0'^d0^ + dR'^ +dx^dx' (42) 

and we find the following non-vanishing Christoffel symbols, 

K)% - (43) 

which we interpret as two gauge fields associated with the tangent bundle and 
the normal bundle of the three-sphere respectively. In terms of these coordinates 
the Killing spinor equation pulled back to the three-sphere read^ 

D^e = (^Dl - ^B^^ e = (47) 

where = 9^ + is the intrinsic covariant derivative on the three-sphere. 
Note that, since M}-^'^ is flat, we have 

\D^,Dfi\ = 0. (48) 

The Killing spinor equation D^t = means that we should define the Nambu 
bracket as 

{e,X',X'} = ^e'^^'^D^edpX'd^X-'. (49) 



In our conventions 

Dc = dc + ^Tac^bM"'' (44) 
where a is a local flat index and the SO{l, 10) algebra generators M°-^ are normalized so that 

[M,6,M-'*] = -45[>/'lrf] (45) 
In vector and spinor representations we then find 

(M"''),rf = 25 f^, 

M"'' = ir.i,. (46) 

Here Tcab = Vac^^b ~ ~^baa is the Ricci rotation coeflicient, or the Christofli'el symbol with 
two indices converted into flat indices by means of two vielbeins. 
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This definition is crucial for getting closure of the TV = 8 supersymmetry. We 
note that 

upon taking the pull back to the three-sphere. It is a bit surprising that a 
covariant derivative can act on the just as if these were scalar fields since 
these do actually carry an R symmetry index and accordingly should rather be 
viewed as a section of an 5*0(8) vector bundle over . Let us therefore re-derive 
this 'scalar' field property of the also in an intrinsic way, from the point of 
view of the three-sphere. On the three-sphere the only relevant non-vanishing 
ChristofFel symbol Tf^ couples to X^^ as D^X^ = d^^X^ + T^pXP . Since there is 
no field component X^ in BLG theory we again conclude that D^X^ — daX^ . 
The general definition of the Nambu bracket must then be 

{f,g,h} = *iDfADgADh) (51) 

where D denotes the covariant exterior derivative (including the normal bundle 
gauge field!.). 

The real three- algebra is defined by a real three- bracket [•,-,•] satisfying the 
fundamental identity. The three-bracket is totally antisymmetric. We also re- 
quire the existence of a positive definite trace form (•, •) subject to the invariance 
condition 

([r^T'^,T"],T'') + (^^ [r^T'^,T'']) = o. (52) 

The only finite-dimensional example is 5*0(4). We also have infinite-dimensional 
algebras realized by the Nambu three-bracket. 
We define the associated trace form as 

(/,5) = / d'oVafg- (53) 

We can expand any function in a complete basis of functions. We denote the 
basis elements by 

T" = T^ie). (54) 

However, tensoring this basis element by an ^"-independent spinor or tensor, it 
is essential to use the total covariant derivative Da acting on the quantity. For 
instance we expand the BLG spinor in this three-algebra basis as 

^{x,0) - Mx)T^iO) (55) 
and compute its derivative as 

Dai'ix,0) (56) 

even though, of course is just a scalar entity, the 4'aix) part carries R- 
symmetry indices associated both with space-time, internal three-manifold, and 

would like to thank Soo-Jong Rey for pointing out to me that one has to take into 
account the normal bundle gauge field 
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its normal bundle as embedded in eleven-dimensions. It is therefore essential 

that wc use the total covariant derivative acting on i}){x,6). However, on the 
basis elements T"- we act with the ordinary derivative daT'^ since the basis 
functions are scalar quantities that carry no R symmetry indices nor spacetime 
indices. 

We note that the fundamental identity 

|ya^y[fe^|j.c^yci^2.e]|| ^ (57) 

is satisfied only if wc can use ordinary commuting derivatives. Wc expand 
the left-hand side (defining g(:<^Pi e""' i' = Qg»f3'r,oc'f3''r = g"°'' g0l^' g^rV ±s,nti- 
symmetric.) 

-Qg^Pi^'^'P'i' D,,T''{D^,Df3T^^)Da'T'D0,T'^D..T''K (58) 

We see that the last line vanishes only if the derivatives commute. 
We next check the trace invariance condition, 

This vanishes only if we can write this as a total derivative. This will be the 
case in all cases wc will be interested in. This is so because we use the trace 
form only to get the lagrangian. Since the lagrangian does not carry any indices 
we find that the total derivative is an ordinary derivative. Though if we act by 
an ordinary derivative on a contraction of two spinors for example, we find two 
covariant derivatives as 

S„(V;V) = i'a^V + V^-Da^- (60) 

Since 

D^X^ = daX^ (61) 

we find that 

{X^,X-^,X^} = y/ge^'^^daX^d/sX'^d^X'^ (62) 
and we then find that the fundamental identity holds for these scalar fields, 

{{X^^,X-^,X^},X^\X^} = (63) 
This is enough to ensure supersymmetry. 
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4 Computing the induced Lagrangian 



On the M5 brane we have a selfdual three-form which impUes that there is no dif- 
feomorphism invariant classical lagrangian formulation of the theory. However 
by giving up diffeomorphism invariance, we can find a lagrangian description. 
One example is given in 22\ associated to the split of six dimensions into five 
plus one. Here we find a different version of such a diffeomorphism non-invariant 
lagrangian, associated to the split of six as three plus three. This lagrangian 
was also studied in 7 . 

We aim at finding a six dimensional lagrangian by expanding mass deformed 
BLG theory about the three-sphere vacuum. We want this six dimensional 
theory to possess as much diffeomorphism symmetry as possible. 

Six-dimensional fluctuation fields 

The eight scalar fields correspond to ffuctuations in eight dimensional trans- 
verse space. As we have already mentioned, we find it convenient to change 
coordinates as 

x^^x\d°',x^) (64) 

Then the three-sphere is a level curve, which we may choose to be located at 
x^ = 0, 

T\B) = x\d,^) (65) 

We then consider small fluctuations of this three-sphere 

(5a;^(6l,0) = Jr^^a;^ (6*, 0) (5x^9^x^(61, 0) (66) 

For notational convenience, we define 

Y\x, 6) = bx^{x, 6, 0) = X\x, 6) - T\x, 6) (67) 

where we re- instated the x'' dependence as well, to illustrate that these are really 
six-dimensional fields. We associate six-dimensional fields to these fluctuations 
as 

59°" = 

5x^ = (j)^ (68) 
As it turns out, the dual field Ba^ defined as 

0" = ^V5e"^^i?/37 (69) 

will be identified as components of a gauge potential in the M5 brane. 
We define the remaining gauge field components B^a as 

A^.afcT'^a^r'' - (70) 

It is not clear whether this relation can be inverted so as to express A^j^^ab in 
terms of B^a ■ Since our goal is to derive the M5 from M2 we will not need to 
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invert this relation for our immediate purposes. However if we were to derive 
M2 from M5 it seems wc would need to invert this relation. 

We first show that Baj3 and S^^a defined as above can really be identified 
as components of a two-form gauge potential in a six-dimensional theory, by 

showing that a gauge variation in BLG theory induces a gauge variation of 
these two-form components. A gauge transformation in BLG theory is given by 

SX' = Aab{x){T\T\X'}, 
SAf^^ab = D^Aablx). (71) 

To linear order we find the induced gauge variations 

5Bai3 = daA/S - df^Aa, 

0, (72) 



with gauge parameter 



We note that 



A„ = A„^,T"a„T^ 

A^ = 0. (73) 



Dc,B^0 = DlB^0 (74) 
since there is no component B^fl. Also, then we have as usual that 

DaB^fj - DpB^ce = daB^fj - dpB^a- (75) 

If we define 

Ban — —Bij,a (76) 
then we define the field strength components as 

Hi^a0 = dp,Baf3 + daBfjf^ - dpBafj,, 

Ha0j = daBfi-i + djBaj3 + d^Bafj. (77) 

To show that the action is supersymmetric we need Bianchi identities 

D[aHp^S^ = 

D[aH^,p^ = (78) 

where we define 

B^i/(x ~ ^nBjya ^vB^a. ('79) 

The supersymmetry parameter e and spinor field V in BLG theory are sub- 
ject to chirality conditions 

fe = e 

fij; = -tp. (80) 
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These Weyl conditions are not six-dimensional. The 'chirality matrix' associated 
with the three-manifold is given by 

= l^e''f^T„0-y. (81) 

This matrix has the anti-properties 

st = -S, 

= -1 (82) 

but when combined with the SO{8) chirality matrix T, we find a true (six- 
dimensional) chirality matrix 

fS. (83) 

We would like to find new spinors u) and x respectively, such that these are 
subject to the Weyl conditions 

TTiLu = —u) 

fSx = X (84) 

which are of a six-dimensional covariant form. We find these conditions by 
making the unitary rotation 

e = Uw 

^ = Ux (85) 

with 

U = ^f(l-I]). (86) 

Scalar matter part 

The scalar matter field part is 

+ (87) 

where 

Uin = -1{D''X',D^X') 

^pot = -^{{X',X\X^},{X^,X\X^})-^{X^,X') 

_m^zjki - je''^'^^ (^X'{X\x'\x'^}'j . (88) 

To zeroth order in fluctuation fields, we find that 

£ = -^({r,r^r'^},{r,T^T'=})- ^(T\r) - ^e*^*^' (T^{^^^^^'}) 
= -1-1 + ' = '- (S9) 
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This being zero reflects the fact that the three-sphere solution is a supersym- 
metric ground state. 
To first order we find 

= (-3 + 4- l)m2(T\y^) = 0. (90) 

This being zero means that the three-sphere is a solution to the classical equation 
of motion. 

The first non- vanishing contributions starts at quadratic order. There will 
be higher order corrections but these are suppressed by an order of 1/i? and can 
be ignored by taking R sufficiently large. In this paper we will compute only 
up to quadratic order. 

We start by computing the kinetic term. First we compute 

D^X'^ = d^cl>\ (91) 
and consequently we get 

Ck^n = --H^^aH^'-^ -]^d^,i,^d^<t>^. (92) 
We next expand the potential term, 

-Cpot = -i({y^r^^'=},{T^T^T'^-}) 

-\{{T\T\Y^},{Y\T\T'^}) 
_ 1 T\Y^}, {T\ T\Y^\) 

2 

(y^ Y^) - me'^''^' (r^ {r^ r'}) . (93) 

We may use the trace invariancc condition and the fundamental identity and 
get the identity 

({a,5,c},{e,/,5}) = 3 ({/, .g, c}, {e, a, 6}) (94) 

where the right-hand side is to be antisymmetrized in e, /, g. Using this we can 
bring the lagrangian into the form of a sum of two terms, 

l^pot = Li + Lm (95) 

where 

Ci = i({^■'",^^r^■},{T^T^r})- J({^^T^y^},{T^^^r^}) 
A™ = (96) 

We then note thalQ 

g'^f'd^TdpT^ = S''-^ (98) 



*To see this we note that any vector in can be written as 

= aT' + b"do,T\ (97) 
Then the identity can be proved by acting by both sides on this vector. We may also note the 
operator is a projector. 



16 



and we get 



Cm = ^— J d'9^[Y'Y' + Y'Y'j (99) 

We now proceed by inserting the expansions in terms of fluctuation fields 
defined as in Eq (j66p . which we repeat here, 

Y' = (/)^ (100) 

From this it follows that 

dc.Y' = ^{d^r)cl)'' + '^d^c^'' + iDl<f>'')dpT' + <!>'' DldpT\ (101) 

We have noted that daT^ transform as four vectors (one for each fixed value 
of i) on the three-sphere, or equivalently, that (j)°'daT^ are four scalars on S^. 
Consequently dai^^dpT') = {Dl(j)f')dpT' + (j)l^DldpT\ We then note thalEI 

DldpT - -j^dcpT (102) 

on S^. 

The main point in this paper is to express everything in terms of total 
derivatives. We motivate this by the fact that the supersymmetry parameter 
is constant only with respect to the total derivative. By noting that the only 
non-vanishing Christoffel symbols in our polar coordinate system are 

^ a/3' 

la/3 - ^ 

= (103) 

We find that 

K 

Da.<i} = d^f. (104) 
Using all this, we find that 

= (i?„/)a^r + (io5) 



^The left-hand side is symmetric. Hence one can suspect the result be proportional to ga/s 
(or to the Ricci tensor, but these are proportional on S^). The normalization is then fixed 
by computing D^d/jT' = —daT^dpT^ = —Qap where we used the three-sphere constraint 
T*T' = R? to move one derivative. 
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Inserting this into Cpot we find the result 



-^'l'^^^-^9ap<t>"<l>^- (106) 

The placements of the derivatives in the first term looks funny and a naive 

guess could be that this is something ugly and unwanted. But in fact this 
precise juxtaposition of the two derivatives turns out to be crucial for getting a 
gauge invariant action. We can not make integration by parts using D„ since 
it docs not lead to a total derivative. Wc rather have that a total derivative 
(which vanishes upon integration over closed three-sphere) is given by 

j (fe^Dlv = J (fedc^i^v). (107) 

So we must express everything in terms of the intrinsic covariant derivative 
before we can make integrations by parts. We then find 

+ ^<P''Dlr + ^,{'P''f (108) 
On a three-sphere of radius R we have 

[Dl,Dj]r = ^^fS. (109) 
If then, we also expand out the other non-trivial term in Cpot, which is 

- iz?„</,«Z)«</,« = -lD^0«i)^«<^«-l^^D^<^«--l^^«^„(llO) 

then we find that the mass term 0"0a exactly cancels out in Ch, and we end 
up with 

Chern-Simons term 

From the Chern-Simons term 

jCcs = ^e''^^A^,„65.AA,cc^(T^{^^T^T<^}) (112) 



we get 



Ccs = le'^-^ge'^fW^B^^d^B;,^ (113) 
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Fermionic part 

The fermionic part is 

{4,, T^^D^i,) + {i,, T,,{T\ T\i^}) - ^ {4,, ^Tr^) . (114) 
We expand the second term 

^{^,T,,{r,T\^}) = ^(vi,sr"i?„^). (115) 



We then make the field redefinition 



= XV (116) 



and we get 



2 (x, r''a,,x> + 2 ix, ^"D^x) - ^ (x, sr^x) • (ii7) 

To get here we have used that 

Da^ = 0. (118) 

The induced Lagrangian 

Summing up all the various contributions, the resulting induced six dimensional 
action that we obtain up to quadratic order, is given by 



(119) 



where 



Z 4:1% 



1 



^0 = -Ud.cj^^d'^^^+g'^^Dlcj^^Dl 



1 ^^^^ _ ^0^0^ 



(121) 



>Cv- = ^xr^a^x + ^xr"clx + ^xsr«x- (122) 

For £^ we have used 

^ax = Dlx + ^r^r^sx. (123) 

This follows from Eq gTj) if one notes that DaTp = and D'^Tp = 0. The first 
condition follows by requiring that Vg — '>piTi3'ip2 transforms like a vector for 
any two BLG spinors '01,2 • The second condition can be seen by requiring 

D^Vf} = DlVp + ^go^pVR (124) 
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If we assume that DaT/j = then we get 

Dc^Vp = PaV5l)r0V2+?Air;3i5aV'2 (125) 

We expand L'qV'1,2 = D'[2'ipi,2 - jj^^R^a^i,2, and we get 

D^Vp = iDl^i)Tfji;2 + i^irpDli;2 + ^9c.pVR (126) 

and this equals -D^ Vg + -^gapVR only if 

DlTp = 0. (127) 

Using this, and also 

Dagi3-/ ~ 0, 

Dlgp^ = (128) 

which can be seen as a consequence of DcX p = = D^T p, or it can be derived 
direcctly as D^gp^ = D'^gp-f + ^apdRj + •• = D'J^gp-f since gna = by our 
choice of coordinates. Of course D'^gp^ = is the familiar metric compatibility 
condition. Taken this together we conclude that 

DaU = 0, 

DlU = (129) 

where U is defined as in Eq (|86p . we then get for any BLG spinor related to 

X as X = Utp, V = -Ux, 



'I 



dIx+^UTrT^Ux 



= DIx+^TrT^I^x (130) 
as asserted. 

We note that the equation of motion for the two-form becomes a total 
derivative [7]. If then we vary dpB^a, rather than -B^q, then wc find the equation 
of motion 

df^B^a — dpBf^a — -^■^^^lyX^aptH^^'^ (131) 

This is the same equation of motion as we get directly from the BLG equation 
of motion Eq ([25]) by inserting our fluctuation expansion. To see this we first 
we contract Eq ([25]) by T'^daT^ and then insert the fluctuation field expansions 
into the resulting equation of motion. We also note the three-sphere constraint 
T'T' = i?2 which implies that T'D^d^T' = -d^T^D^T'. 

The gauge field part of the lagrangian, Ch, was also obtained in [B] and 
further studied in [7j. 
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5 Induced supersymmetry 



To get the supersymmetry variations we can expand the mass deformed BLG 
supersymmetry variations to hnear order in the fluctuations. At zeroth order 
we have 6T^ = 0. There are no 'higher order' contributions to the variation T 
since the higher order variations sit in the fluctuation fields = — . At 
hnear order we find the supersymmetry variations for the fluctuations as 

Sip = r^r/e9^r^ + mUTi^TieT^ - Se 

-V^TieAf^^abiT", t\ t'} + r^r/e9^r^ 
-i^„Ke{r^T•^T^} 

M^,afc = ieT^j:iT(^^b] (132) 

We can cancel the zeroth order contribution in Sil) by taking to lie on a 
three-sphere of constant radius R — 1/m. With this choice of radius we preserve 
maximal supersymmetry and the first line above in Sip vanishes. 

Supersymmetry variations of the Bosons 

From 6Y^ — leV^ip we get 

Scj)"^ = iwr^x (133) 

and 

6Baf3 = iojTapX (134) 

and from SA^j^^ab we get 

dBfj,a = iwr^raX + C^aA^ (135) 

where 

A;. = ^er^FflV (136) 
is a gauge parameter. We also note that 

K = '-er^rR^P = (137) 
so this is really a six-dimensional gauge parameter. 

Supersymmetry variation of the Fermions 

We insert the expansion Eq and Eq ([70]) and get 

+ii]rflr^e0-4 - Isr^r^ec^" (i38) 

K It 
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We then dualize 0" into Bap and make a unitary rotation by means of the 
matrix U to gain six-dimensional covariance. We then get 

-isr^r^w^^ + -!-sr,jr"'3wB„0. (139) 



where we introduced 



= H^p-t + ^Vg'^ap-fCl)^ (140) 
In terms of derivatives we then find the result 

-^^TRTAiO(b^ + ^^LO(j)'^. (141) 

These supersymmetry variations must close on-shell on Lie derivatives on Ri^^x 
S^, the 50(4) C 50(5) R-symmetry that keeps (j)^ fixed, and a gauge variation 
as these are the bosonic symmetries of the action. 



6 Open problems 

By taking k large we reduce S'^ to 5^ by shrinking the Hopf circle k times due 
to the Zfe orbifold identification, and the M5 brane wrapped on reduces to 
D4 wrapped on S*^. In would be interesting to demonstrate this explicitly in our 
abelian theory and make connection to . Also since we know the nonabelian 
D4 brane theory this can give a hint of the nonabelian M5 brane theory. 

One may consider more general mass deformations that still preserve maxi- 
mal supersymmetry [26 1 . It would be interesting to see what M5 brane theories 
these correspond to. We may also get less supersymmetric six-dimensional the- 
ories by expanding BLG theory about less supersymmetric backgrounds, such 
as has been classified in [25 . In particular one can consider the half BPS funnel 
solution [24] of M2's ending on M5 and find a six dimensional theory with eight 
supercharges on curved manifold of the geometry of a funnel. 

The right way to discretize the BLG theory with a Nambu bracket should be 
to consider ABJM theory. Needless to say it will be very interesting to derive 
BLG theory on S^/Zk by taking the large N limit of mass deformed ABJM 
theory at level k. For fc — 1,2 we can indeed see the fuzzy three-sphere (mod 
Z2) in ABJM theory. Only for levels fc = 1,2 do we have enhanced 5*0(8) R 
symmetry in ABJM theory for generic gauge groups. In this case we can find 
a fuzzy funnel solution that is locally a fuzzy three-sphere. We have not yet 
verified that a similar type of enhancement works also for the mass deformed 
ABJM theory eventhough this seems very plausible, so let us demonstrate how 
the fuzzy funnel solution arises. For levels fc = 1, 2 we have showed in [17] that 
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the supersymmctry variation of the fermion in ABJM theory can be written as 
(using the same notations as in that paper) 

= T'^TieD^X' -lrirjrKe[X',X-';X'']. (142) 
6 

Moreover we can antisymmetrize UK despite the three-bracket is only mani- 
festly antisymmetric in its first two entries. This follows from the identity 

XlX^X'^'f^'^da = X^Xl^X^^'^f^'-da (143) 

We then find that 

IJ[^ \a — IJ^b^c^ J da 

vK vl -v-Jd jrbc 
— t J da 

= -TuX^X^X'^f^da (144) 

Hence the bracket can be antisymmetrized in /, J, K when contracted by F/j. 
From here we can then derive the Basu-Harvey fuzzy three-sphere funnel so- 
lution [21] by requiring Sip = 0. For level k ~ 2 the Z2 orbifolding is just 

X' X' that comes from = e"Z^. The relation between X^ 

and Z^ involves a Wilson line Wat and the higher k orbifolding Z^ ~ e^^^^'^Z^ 
has no such simple counterpart for the X^. Also the Wilson line becomes non- 
local and it is unclear to us whether one can find a fuzzy three-sphere mod Zfc 
also for higher levels k. 

In [5] it was demonstrated how the Nambu-Goto action for a five-brane can 
be reformulated as a BLG type of theory with a Nambu three-bracket. It will 
be interesting to generalize this approach to the full-fledged kappa symmetric 
M5 brane action [53] and derive (mass deformed) BLG theory from this action. 

In principle the theory of multiple M5 branes should also be encoded in 
some ABJM theory. It would be very interesting to see if one can compute any 
quantity in the multiple M5 brane theory from ABJM theory. For finite rank 
gauge groups we would expect to find a non-commutative, and perhaps also 
non-abelian, M5 brane. 
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A Gamma matrix relations 

For the matrices 

U = -Lf(I-E), 
we have used the following identities, 



U^TrT^U 


= ^R^a 




— pMpa/3 




pa/37 






UT"rAT,U 


= r"rA 




= E. 



and 



vvu = 




VT,T°'U = 




vr^To^u = 


-r^r, 


VTaU = 




VT^U = 






—Fa/?. 



Our gamma matrices are subject to the algebra 



{s,r} 


= 0, 




= 0, 


[ra,s] 


= 0, 




= 0, 




= 0, 


{ra,r} 


= 0, 


{rA,r} 


= 0, 


{r^,r„} 


= 0, 




= 0, 


{Fa, Fa} 


= 0. 



(148) 



and duality relations 

SF^ = ^^e^^T^fs, 

= -^\/5e"^^SF„^, 

'^■y = -2V^ea/37SF"'^, 

F^e"^T = — ^SF"'^. (149) 
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